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6. VECTOR QUANTIZATION METHODS

General idea: Code highly probable symbols into short binary sequences without regard to their
statistical, temporal, or spatial behavior.

Introduction: Vector quantization (VQ) is a lossy data compression method based on the
principle of block coding, i.e., coding vectors of information into codewords composed of string
of bits. It is a fixed-to-fixed length algorithm. In 1980s, the design of a vector quantizer (VQ) is
considered to be a challenging problem due to the need for multi-dimensional integration. Linde,
Buzo, and Gray (LBG) proposed a VQ design algorithm following the ideas of Lloyd (1957)
based on a training sequence®. The use of a training sequence bypasses the need for probability
density assumption. The idea is similar to that of ““rounding-off" (say to the nearest integer). An
example of a 1-dimensional VQ, as it was suggested by Llyod in his famous unpublished memo, is
shown below:

Here, every number less than -2 are approximated by -3. Every number between -2 and O are
approximated by -1. Every number between 0 and 2 are approximated by +1. Every number
greater than 2 is approximated by +3. It is worth noting that the approximate values are uniquely
represented by 2 bits. This is a 1-dimensional, 2-bit VQ. It has a rate of 2 bits/dimension. An
example of a 2-dimensional VQ is shown below:

4 T T T T T T T

Here, every pair of numbers falling in a particular region is approximated by a red star associated
with that region. Note that there are 16 regions and 16 red stars -- each of which can be uniquely
represented by 4 bits. Thus, this is a 2-dimensional, 4-bit VQ. Its rate is also 2 bits/dimension.

! Some people call it LBG Algorithm even though the people involved in the early stages of the VQ evolution
including Linde, Buzo, Gray, themselves, Gersho, the author, and many other scholars prefer it to be called as Lloyd
Algorithm.
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In the above two examples, the red stars are called codevectors and the regions defined by the blue
borders are called encoding regions. The set of all codevectors is called the codebook and the set
of all encoding regions is called the partition of the space.

Communication systems based on VQ can be illustrated with the following encoder/decoder pair:
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Llyod Algorithm Design: Assume that there is a training sequence T consisting of M source
vectors: T ={X;, X,,--+, Xy }, a distortion measure (distance measure, such as MSE or MAE), and

the number of codevectors, the task is to find a codebook (the set of all red stars) and a partition,
which result in the smallest average distortion.

This training sequence can be obtained from some large database. For example, if the source is a
speech signal, then the training sequence can be obtained by recording several long telephone
conversations or pictures from various sources. M is assumed to be sufficiently large so that all
the statistical properties of the source are captured by the training sequence. We assume that the
source vectors are k -dimensional, e.g.,

X = (Xmar Xm2r s Xmk) form=12,---\M

Let N be the number of codevectors and let
C ={C1,C2,"‘,CN}
represents the codebook. Each codevector is k -dimensional, e.g.,
Ch =(Ch1:Ch2v *1Cri) forn=12,---,N
Let S, be the encoding region associated with codevector C, and let
P :{81,82,"’,SN}
denote the partition of the space. If the source vector X, is in the encoding region S, then its
approximation is given by:

Q(xy)=c, Iif x,€S, (6.1)
Assuming a squared-error distortion measure, where the average distortion is given by:
1 M 2 1 32
D,.=—) IIX, —Q(X =——)> |e 6.2
o = i 2o ~QUenI” = D el 62)
where the error-square is the sum of error terms on each dimension:
le]* =€ +ef +---+ef . 6.3)
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Design problem can be stated as follows: Given T and N, find C and P and such that D, is
minimized.

Optimality Criteria: If the codebook C and the partition P are a solution to the above
minimization problem, then it must satisfied the following two criteria together with the iteration
stopping criterion.

1. Nearest Neighbor Condition:

S, ={x: ||x—cn||2 < Hx—ch2 foralln, j=12,---,N} (6.4)
This condition says that the encoding region S, should consist of all vectors that are closer to

c, than any of the other codevectors. For those vectors lying on the boundary, any tie-breaking

procedure will do.
2. Centroid Condition:

2 ¥

_ Xp€S,
n— 21
Xm€Sp
This condition says that the codevector c, should be average of all those training vectors that are
in encoding regionS,. In implementation, one should ensure that at least one training vector

belongs to each encoding region (so that the denominator in the above equation is never 0).
3. Stopping (Decision) Test: Suppose that the average distortion from NN mapping in the

previous and current iterations were D) DU the iteration process would terminate if

aver “ave
DM _ pl-1
| Dave ~ Dave |, (6.6)
DD

ave
where ¢ is a small number.

for n=12,---,N (6.5)
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x denotes centroid, o denotes initial points.
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Detailed Steps of VQ (Llyod) Design Algorithm

A. Initial Codebook Selection Step:
In order to start the Generalized Lloyd VQ Design Algorithm (GLA), we need to have an initial
guess codebook in addition to an appropriate distortion measure. There are a number of initial
codebooks used in literature with good success. Some of these are:
e Random Codebooks: Simplest way to assign an initial codebook to use random numbers
generated according to an uniform distribution.
e K-Means Initial Codbook: Well-known method in experimental statistics is to use the first 27
vectors in the training algorithm as the initial codebook.
e Product Codebooks: Use a scalar quantizer code, such as a uniform quantizer k times in
succession and then prune the resulting codebook down to the correct size.
e Splitting: Grow bigger codes with a fixed dimension from smaller ones.
1. Find an optimum rate=0 code (centroid of the entire database.)
2. Split this code into 2 by perturbing the original by a small amount.
3. Obtain the optimum rate=1 code via GLA.
4. Split and optimize again until codebook with correct size is found.

An advantage of the last method, which is the norm nowadays, is that all smaller codebooks are
also optimum.

Let us assume that C© is an initial codebook either assumed as a random vector or obtained by
the splitting method, in this latter case, an initial codevector is set as the average of the entire
training sequence. Let £>0 and &6>0 be small decision threshold value (used for
stopping/continuing) and a splitting increment, respectively. Start with the size of the codebook as
N=1. This codevector is then split into two. The iterative algorithm is run with these two vectors
as the initial codebook. The final two codevectors are split into four and the process is repeated
until the desired number of codevectors is obtained.

B. Llyod Iteration Steps:

1. Calculate the centroids and the resulting distortion:
2

« 1 . 1 X .
Ch=— ) X and D,,=—) [x—cC 6.7
n M sze‘én m ave MK mzlu 1 ( )
2. Splitting: For i1=1,2,---,N set
o =(L+6)cs cl =(L-8)¢ (6.8)
Now set N=2N.
3. Iteration: Let DY = D . Set the iteration index i=0.

a. For m=12,---,M,, find the minimum value of me —cll overall n=12,---,N. Let

n"be the index which achieves the minimum. Set Q(x,,) =c.
b. For n=12,---,N., update the codevector
2 X

. @
Cr(]Hl) — Q(Xm)ecy (69a)
!
Qe
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c. Seti=i+1
d. Calculate
. 1 M 2
Dave =i 2. Xm = Q) (6.9b)
m=1
DY _ p®
e. If w > ¢, go back to Step (i) to increase the iteration number by 1.

f. Ifnot, set D) = DY), andfor n=12,---,N., set ¢, =c{" as the final codebook.
4. Repeat Steps 2 and 3 until the desired number of codevectors is obtained.

Two-Dimensional Animation: Click on the figure below to begin the animation.

4 T T T .I T T T

e The source for the above is a memoryless Gaussian source with zero-mean and unit variance.
o The size of the training sequence should be sufficiently large. It is recommended that
M >1000N . In this animation, tiny green dots represent 4096 training vectors.
e Lloyd design algorithm is run with ¢ = 0.001.
e The algorithm guarantees a locally optimal solution.

Performance: The performance of VVQ are typically given in terms of the signal-to-distortion
ratio (SDR):

2
SDR=10.log Z— in dB (6.10)

10 ave
where o is the variance of the source and D,, is the average squared-error distortion. The
higher the SDR the better the performance. The following tables show the performance of VQ for

2
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the memoryless Gaussian source and comparisons can be made with the optimal performance
theoretically attainable, SDRot, Which is obtained by evaluating the rate-distortion function.

Rate SDR (in dB) SDR
[:hits.-‘d;i.mensim) n=1 n=2 n=3n=4 | n=5 n=6 n=8 n=10 Tl = o0

1 4.4 4.4 4.5 4.7 42 42 49 5.0 6.0
2 93 N o9 10.2 10.3 — 12.0
3 14.6 153 157 - —— — ——- S 12.1
4 20.2 211 — - —— — ——- — 241
3 26.0 270 - S — — 30.1
Memoryless Gepissian Somece
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Example: 6.1 Llyod design of a 2-bit (N=4), 2-Dimensional (k=2) with ¢ =0.001 based on MSE
and 12 training vectors (2-dimensional). (Curtesy of Bob Gray, ref. 3, 5.)

() Imitialization: H = 4, K=z %, € = ,001l, n = 12,

Trainlag Sdquance;

Xy 0T (=, ,AT4da, ,8AT18] Xy = {=. 559161, .1T3G8)
By = { 63910 -, L1ATE) g = { .14093,1. T6313]
By = (=, BIZSS, ,60645) Xy < [ .TOE9R, - 35017]
By = (-.TO534,-1.21856) X0 " { 30048, .TOAZE)
Xy = {=. ZTHES5Z , -, D4821) 3y = { 30166 1. 056553
= - i
Be {10994, 516} X2 { .3TEQL, =, AXF0E)

I-I:I = [(2,2), (2,-2), (-2,2), {(=2,-23]

s [y, *Ia‘xa:h]

o 1 = 9.898E 4+ 62 (= on & Risrocomputoer)

Set m=m = Q.
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m=0 (1} Find PlAy) = (5,.85,.5,.8, )
xS, f d[ij.x_llid{;‘.xm'h Bll  m.
8, = (BgeXarZigriys)
Sy = [xq.x25)
5, = {51,‘:_:_ X2 -
8y = lxzgezg.mgl
Computa Du’
L L
D = min d{fp ¥y o= 2,017 .
o iz 1 yek, 3

23 m_lunu}mﬂ = LD, eontinue,

£3) Find the optimal reproduction alphmbet 11 9': E{F{in).'l = fafﬂi}*i—l.,..,ﬂlit

3:_{5 ¥y = {-'!'E X, e ‘:‘.:'lﬂ' * ELL!J"I = (46033, 1.038)

Ema: = Az, + Y42 = (.ET4085, =.23248)

ill

3[531 = (=, + + % 03 = [~ 5936TE, .5LS1L06)

L
'l.?d'

RS, = dx, + 2. + %03 = (-.45T623, -.831283)

Sat m= 1. Go to (170.

i1} Fina Pl‘.;li 4

El
n

e
Evaluating distortions shows '1(;1!! = Pfﬁ.o} {noa change in partition)

Compute D.l:

12
L
D, = ¥ & minp Sz .x) = .00DTIOE .
A=1 rer,

2] {DQ-DI:‘.-“'EII = 13> 001

T
ntx

2y i, _":5(]1:31}} - Rl' Bingce !’{31} = T"l:io‘.l and hences

e

(2R, 33 - ROOGAY) = Ay Thus il 1z o fixed point. Set maZ. Go ta (13},

T -
m=2 {11 P(All = F‘(A‘}) ond hence Dy = Ill and heanca {Dl-ﬂi}m: = O < ,0al.

HMalt with final quantizer described by ixl.ﬂﬂil}l.

As we can see from the above hand calculations the algorithm converged after two iterations.
Full Search vs Tree Search: If we search and compute each and every codevector in the design

or the encoding modes of the VQ system then it is called a full search. All the discussion until this
point has been on full search as shown in the figure below all the computations are done at level

These notes are © Huseyin Abut, February 2006



75

C;. On the other hand, if we search the codebook in a tree fashion then the search is called a tree
search.

0. —~._1
(7 — — |
“1 0/N1 0/\1
A
01 01 0A1 O/°L
£ A\ { A\ { A\ {

I L L 1 L 1 I 1 ]

Cs —

Example 6.2: Computational complexity of search:
e Full search: For this figure we need 8 distortion computations at level C,.

e Tree search: We need two distortion computations in each level C,,C,,C;. 6
computations all together.

e Similarly, for a level 10 (10-bit per sample) quantizer, the computations would 2'° =1024
versus 2x10=20, resulting at a computational savings of 50:1!

e Cost: The performance of tree search VQs are inferior to full search 0.5-3.0 dB depending
upon the source and its statistics.

Complete Tree vs. Pruned-Tree Search: If the occupancy statistics of all the terminal nodes
(children) in a tree is computed they are all significant then every branch (child, terminal node) is
critical and the full tree needs to be searched. If it turns out that some offspring branches (children)
are rarely used then they can be combined and represented by their parent branches. Trees of this
sort are called pruned tree.

0D/7%1 0/51 0/%1
i A i b i i
? — — — — —
0/ 51
il *
I |
ﬂf "’l
= =

In the full tree every terminal branch is assigned a code of equal length. However, shorter codes
are assigned to top branches and longer codes are needed for grand-grand children just like
Huffman coding schemes. Therefore, variable-length codes are used in pruned tree encoders.
e Increased storage, possible performance loss.
Code is successive approximation (progressive), each bit provides improved quality.
Table lookup decoder (simple, cheap, software).
Unbalanced (incomplete) tree provides a variable-rate code.
Throw more bits at more active blocks.

Two TSVQ design approaches:
1. Begin with a reproduction codebook and design a tree-search into the designed codebook by
a pruning technique.
2. Design from scratch.
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VQ Compression Off-springs:

1. Histogram Equalized VQ: Used in contrast enhancement by mapping each pixel to an
intensity proportional to its rank in histogram (probability) ordering among its pixels. The
resulting output image has a more uniform histogram.

67 | 77 | 96 32 |192|255
B8 | 7h | 94  —— 64 (160|224
66 | 73 | 7O 0D 12896

2. TSVQ and Histogram Equalization: A tree-structured vector quantizer can be built with both
equalized and un-equalized codebooks.

Decoder
Encoder  —
0~ .1 t
L= | index I:"‘T output
input I__‘ilf th__l index  _ ; — 0 j,f \"\ 1 0/ N1
ﬂ ._.-f\‘-._. 1 |j ._.-f\‘-._. 1 —_— — l!I-l.'hl £ | }-I'lu A ] 1III-]'I '/"l }-]UH.‘ | -1""1. = 1rl
X [V Yo Vi Vi, Foma Voo Ve Viea | 7

3. Classified VQ (CVQ, Switched VQ): Separate codebook for each input class (e.g., active,
inactive, textured, background, edge with orientation, etc.) and switch among classes according to
some rule.

Ty I VQ I Codeword
" | _ Fodehnek Ci, iy,  Index
In
Classifier I\’cl\. i Calﬂ%begok
f f f
ﬂl 1::2 e 'E;-J'.

e Requires on-line classification and side information.

e Rate allocation issue: How divide bit rate among sub-codes? Often an optimization rule is
used.

e Structure often useful for proving theorems, e.g., classic and modern high rate systems
uses “composite™ codes which are just CVQ.

e |f search all subcodes to find the minimum distortion word, then pick best codebook and
best word: also known as the universal quantizer.

e Better performance, but usually larger complexity.

4. Multistage VQ (Multistep or Cascade or Residual VQ)
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5. Shape-Gain VQ: Separate the gain information and code it and then the shape information is
encoded by a normalized second quantizer.

Shape Codebook
l:_‘.‘: =

[S;d=1, -.N,}

Pl aximize _
X XS i
el
. I"u"Iinirrli;_Eﬂ
[§— X S))” ' 3
I iw iy ] . 1-“ .
Gain Codshaak (L]} ROM ) O— X
Lg = i

{gi=1,- Ny}

e Do not need to normalize input vector to encode shape, no online division.

e Two step encoding of shape then gain is optimal for the constrained codebook, chooses
best combination in overall MSE sense.

6. Predictive VQ (Vector DPCM): Used in some speech compression tasks and motion-
compensated video coding.
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7. Recursive VQ: Finite State VQ (FSVQ): Switched Vector Quantizer: Different codebook for
each state and need a Next State Rule, also known as a classified VQ with backward adaptation.

- iy, € Cs,
= , ] |
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L= St
Unit
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ay
Delay ’
Decoder
Encoder

8. Model-based VQ: Linear Predictive Coding (LPC): Founding building block in all cellular
phones, which is .mathematically equivalent to a minimum distortion selection of a “vocal tract”
model and the gain of the speech segment. Done over 20-30 ms long segments of speech, where
the statistical behavior of the speaker’s vocal tract does not change. The famed Itakura-Saito
distortion (spectral distance of the vocal tracts, i.e, distance between the Fourier transform of the
vocal tract mathematical model. Encoded parameters are: gain of a speech segment, a set of 10-12
LPC coefficients to represent the vocal tract, the pitch period (quasi-periodic harmonics of the
oscillations in the vocal cords) and the residuals between the actual speech and the locally
synthesized model speech.

LPCAQ —— iy
]
Xy — s R ——] rom
l Codebeok
WWavefor " In — F
{Dadugbg .;'.Tl: i i, Decoder Xa

Example 6.4: Explore the performance of image codecs based on VVQ using VVcDemo.
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