Chapter 3: LINEAR TIME-INVARIANT SYSTEMS
3.1 MOTIVATION
Continuous and discrete-time systems that are both linear and time-in variant (LTI) play a central role in
digital signal processing, communication engineering and control applications:
Many physical systems are either LTI or approximately so.
Many efficient tools are available for the analysis and design of LTI systems (e.g. spectral analysis).

Consider the general input-output block diagram of a system. The response of the system h(t) to an input
signal x(t) is found by a convolution process, which takes into consideration the complete history of the
signal and the information in the system memory.

output v(t)

input x(t)

y(t) = x(t) * h(t) = ox(u) h(t - u)du (3.1a)
Similarly, for the discrete tlme case

y[n] =x[n]* h[n] :k3¥x[k].r{n- K] (3.1b)
Note that h[n] is called both impulse response and unit pulse response.

Why impulse response or unit pulse response?

Let the input to the continuous LTI system be x(t) =d(t). Then from the definition of the convolution operation
we write:

y(t) =x(®)* h(t) =d(@®) * h(t) = od(t)h(t t)dt =h(t) (3.2)

The last integral above is obtained from the Sifting Theorem definition of the delta function of Chapter 2.
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Example 3.1: Impulse response of an accumulator

=7
Input > | Reseonse :

x(t)y=o(1)

7 1 n=0
hn]= k)=
[2] k:Z_DOf[ ] {ﬂ 50
3.2 Properties and Examples of Linear Convolution Process

3.2.1 Commutativity Property: Convolution is a commutative operation, i.e., the roles of x(t) and h(t) can be
interchanged. Similarly, for x{n] and h[n].

¥ ¥
y(t) = x(t) * h(t) = h(t) * x(t) = ox(t ).h(t - t)dt = N(t ).x(t - t)dt (3.38)
- ¥ - ¥
yiril =X * Fin] = hn] * X(n] =k§¥x[k].h[n- K] = k:§_¥h[k].x[n - K] (3.3b)
3.2.2 Associativity Property: This property will form the basis for cascade (series) systems:
y(t) = [x(t)* h (O hy(t) = x(t) * [y (t) * h,(t)] = X(t) * hs (t) (3.4)
where hgt) represents the cascade connection of two subsystems h,(t) and hy(t), respectively:
hg (t) =h, () * h, (1) (3.5)

Combined cascade system impulse response hg(t) is equal to the convolution of system responses of

individual subsystems. This result can easily be extended to the series connection of many systems via
repeated applications of the associativity property.

3.2.3 Distributivity Property: This property, on the other hand, forms the basis for parallel systems.
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y(t) =[x(t)* hy ()] +[x(t) * h, ()] = x(t) * [, (t) + h, ()] = x(t) * hp (1) (3.6)
As in the previous case, hp(t) corresponds to the parallel combination of two subsystems.

3.2.4 Linear Convolution Examples (Elementary):
Example 3.2: Convolution of signals with delta and unit-step functions.

XxO)*d(t)= oxt)d(t-t)dt =x(®) x@*d(t-t)= S - t)x(t-t)dt =x(t- ) (3.7)

¥ t
X(t)*u(t) = o x(t).u(t- t)dt = ox( )dt (3.8)
-¥ -¥
Observation:
The convolution of any function by a delta function gives the original function and the convolution of any
function with a shifted version of the delta function results in the shifted replica of the original function.
Convolving a signal by a unit-step function is equivalent to a perfect integrator.

Example 3.3: Time Averaging

Time-averaging is frequently employed in finding average behavior or mean of systems or signals or data.
t+T

XO = Xell) =T 00 )k (39)

X(t)

: :
t t

+ o
_|
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This can be computed in terms of step functions as follows:
t+T

X(0) =2 ox(t)dt - ox(t)dt]=Z[x() *u(t+T)- x(t)* u@)]
T ¢ -¥ T (3.10)
=X *[u(t+T) - )]

Example 3.4: Response of a Capacitive Circuit to a switched DC voltage, where input and system impulses
are simply:
x(t)=Vu(t) and h(t)=Ae *u(t) wherea>0 (3.11)
¥
The task is to compute: y(t) = x(t)* h(t) = ¢x( )h(t - t )dt
-¥

X(t) h(t)
A
V
t t
y(t) = Ex(t )h(t - t )dt :B/Ae' at-Oy(t Hu(t - t)dt (3.12a)

Limits of integration are very critical and decided by the ron-zero segments of the product of two step
functions:
ut).u(t-t). (3.12b)

Let us now find these non-zero segments with graphical support:
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Casel:t<0 u( ) Case2:t>0 |u(t)

10— 1.0t
t t
t =t t =t
10 | utt-t) 1o |Ut-T)
: t t
T =t T =t

Case 1: t<0

Since non-zero segments of the product is zero as clearly seen from the plots, the integral in (3.12a) is also
zero to yield:

y(t) = AV 80.dt =0 (3.13a)
¥

Case 2: t>0
Since non-zero segments of the product is the region between 0 and t as shown above, this time the limits of
integral this time becomes:
t t AV
y(t) = AV.oe @ Vdt = AVe ® et dt = — e e
0 0 a

When we combine these two results into a single equation using a unit step function we have the final
answer:

t :%a- &) (3.13b)

0

y(t) =%.(1- & d)u(t) (3.14)

% Convolution of decaying exponential with a unit-step function.
t=0:.05:1
h=exp(-1*t)
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x= ones(size(t))

y=conv(h,x)

plot(t,y(1:21))

title('Numerica convolution’);

xlabel (‘'Time, Seconds); ylabel (‘A pproximation of y(t)")
grid; axis

Convolution Example

Approxirmation of yit)

1] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.5 1
Titne, Seconds

Example 3.5: Convolution of functions with a collection of impulses.
Let the input and the system functions be:
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X(t)=G,,((t- a)/2a)=rect((t- a)/2a) and h(t)=d(t+2a)-d(t- 2a)
y(t) =rect((t- a)/2a)*d(t + 2a) - rect((t- a)/2a)*d(t - 2a)

Using the properties of delta functions:

(t+2a)-a]_rect[ ]

(t- 2a)- a]=rect[t+a]— rect[t' 3a
a 2a 2a

y(t) =rect|
First rectangle of length 2a is centered at -a and the second one is an inverted rectangle of length 2a again
but centered at 3a.

Example 3.6: Convolution of two finite duration gate (rectangular) functions.
Task: Evaluate
y(t) =rect(t/2a)* rect(t / 2a) (3.15)
x(t) hit)
1.0 1.0

Both of these functions can be represented in terms of unit-step functions:

X(t)=u(t+a)- u(t- a) (3.16)
When we substitute (3.16) into (3.15) we have:
y(t) = t‘{u(t +a)- ult - a)].[u(t- ¢ +a))- u(t- (t - a))dt (3.17)

As in Example 34, we need to determine segments of the above integral for which two brackets have non-
zero product. Careful observation and with the following graphical support we see that there are four distinct

cases.
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Casel:t<-2a X(t) X(t)
1.0 Case2:- 2a<t<O0 1.4

ht-t) ht-t)
1.0 1.0

t+a - a T+a

Case 1: t<-2a:
There is no overlapping segments of the two pulses and the integral in (3.18) would yield O.
y(t)=0 fort<-2a (3.18a)

Case 2: -2a<t<0:
The interval between -a and t+a are common to both pulses then the integral becomes:

t+a

y(t) = oldt =t+2a (3.18b)
-a
By sliding the lower pulse (the system function) in above figure to the left we get two other cases.
Case 3: O<t<2a:
The interval between t-a and a are common to both pulses and we get:

a
y(t) = ¢oldt =2a-t (3.19)
t-a
Case 4: t>2a:
Again there is no overlapping segments of the two pulses and the output would be zero.

y(t)=0 fort>2a (3.20)
All of these cases can be written in a compact form:
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it+2a if-2a<t<0
y()=1-t+2a if 0O<t<2a
1 0 Otherwise

different size rectangles?

% Convolution of decaying exponential
with a unit-step function.
n=0:60;
x= zeros(size(n)); x(6:15)=1;
h=zeros(size(n)); h(11:30)=1;
y=conv(h,x)

stem(n,y(1:61));

title('Discrete Convolution of Two Pulses);
xlabel (‘'Time, Seconds);

ylabel (‘'Approximation of y[n]')

grid; axis

y(t)

t

- 2a
We can conclude that the convolution of two identical pulses is a triangle. What would be the shape of two

3.2.4 Linear Convolution Examples (Tabular Form):
Example 3.7: Consider the following system and signal sequences:
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hin ={-2,2,0,- 13 X[ ={-13,-1-2
Note these two sequences have different lengths as in Example 3.6. It is not difficult to see that the output
sequence y[n] will be eight samples long in the interval - 2£n£5, zero elsewhere. Let us verify that with a
linear convolution table.

n -2 -1 0 1 2 3 4 5
X[n+1] -1 3 -1 -2
X[n] -1 3 -1 -2
X[n1] -1 3 -1 -2
X[n-2] -1 3 -1 -2
X[n3] -1 3 -1 2
H-1]x[n+1] 2 -6 2 4
H-0]x[n] -2 6 -2 4
h[1]x[ 1] 0 0 0 0
h[2]x[n2] 1 -3 1 2
h[3]x[ 3] -1 3 -1 -2
Y[n] 2 -8 8 3 -8 4 1 2

The last row or the output is: y[n] ={2,-8,8,3-841-2 and y[n]=0 if n£-3 n3 6.

3.4 Periodic (Circular) Convolution Process

In many applications, we are faced with the convolution of two periodic sequences, X n] and H[n], with or

without a common period N. The method discussed below is geared to handle the common period case. If
the periods are not common, then there are approaches to deal with the issue: (i) Find the smallest common
product (SCD) of the two periods and perform the convolution over SCD. (2) Use Assume the longer of the
two periods as the period and the other sequence is appended with zeros to bring the sequences to same

length. This last approach is naturally violating the periodicity of the smaller one, but it does not pose a major
problem in many engineering designs.

Let us now define the periodic (circular) convolution:
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VNl = X{K] A h[k] = :é’i:x[k]r{n- K] (3.21)

where A represents this periodic or circular convolution operation and the sum is over N terms. (3.21) is
periodic using the property: h[n + rN ] = h[n]

yn+rN] = & X[KJh[n+ N - k] = & X(K]H(n- K] = y{n] (3.22)
k=0 k=0

Since the sum is a finite sum, we can write out the full expression is a straightforward expansion:
y[n] =X0]h[n) + x(Dh[n - 1] + x(2)H[n- 2] +--- + X(N - Dh[n- N +1] (3.23)
and use the tabular form to compute the circular convolution of two periodic functions.

Example 3.8: Consider the following system and signal sequences:

X[ ={12,0,- 3 h[n ={13-1-2
Note these two sequences have a common period of 4 samples. It is not difficult to see that the output
sequence y[n] will be again 4 samples long in the interval 0£n £3 and repeat itself. Let us verify that with a
circular convolution table.

n

x[n]

X[n1]

x[n2]

X[n3]

hOJx[n]

=] NI S SNEN

(X[ 1]

h[2]x[n-2]

h[3]x[3]

o N L= N =N -

oo | w|N|O| L[N

LIS E=1N N =] N
1 1

a1{N| N

y{n|

The last row or the output is: y[n] =y [n+ 4] ={-6,6,7,- 5}.
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3.5 Differential Equation Model for LTI Systems (Continuous Case)

A general ordinary differential equation (ODE) model for linear time-invariant (LTI) systems is defined by:
\ . .

d_vo=4b9 - 5a Ly (3.24)
—vyt)=ab—x(t)- & a,— .
dtN y iz0  dt i=0 JdtJy

Here are the descriptions of various terms above:
ay ° 1 and itis not normally shown in the ODE.

a; =Real coefficients associated with past outputs of the system (N feedback terms).

b, = Real coefficients associated with all inputs to the system (M+1 feed-forward terms).

N = Highest-order derivative of the output.
M =Highest-order derivative of the input.
System Order © max{ N,M}.

In systems sciences, the above differential equation is generally written in one of the two operational forms,
i.e., in terms of differential operator D or of integral operator D™1.

M . N-1 .
DMy() =a bD'x(t)- & a;D'y() (3.25)
i=0 j=0
For simplicity and nice symmetrical behavior let us assume that N=M=System Order.
N . N-1 .
DMy(t) =a bD'x(t)- aa;D'y(t) (3.26)
i=0 j=0

In order to solve (3.26) we need N initial conditions for the output: {y(0), y€0),---,y" *(0)} . For EE
applications, it is more common to replace the above ODE with an equivalent integral equation and use the
integral operator D™ 1.

D"{D"y(t} =D (& hD'x(1)- & aD'¥(V)

y(®) ={A6D"Mx(0) - { & aD" M} y(t)
i=0 i=0
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Y(t) =byx(®) + & [5D" Nx(t) - aD" M y(t)] (3.27)
i=0
If we collect identical terms into common order pairs we obtain another frequently observed form:
y(t) =byx(t) + DM [box(t) - agy(D)] + D™ " byx(t) - ayy(®)] + -+ Dby 1 x(t) - ay.1y(t)] (3.28)
We have canonical (standard) implementation forms based on simple building blocks for these last two
equations (3.27) and (3.28) in terms of basic system building blocks:

1. Integrator D™ *:

f
X(t) —» D1 f— V(£ =yl) + Ix(fj.:iz' Jart =iy

o

If y(ty) =0 then the system is said to be at rest and we have the usual case:

y(t) = :‘)x(t)dt forty3 0 (3.29)

-

2. Adder (Accumulator) § :

3. Scalar Multiplier K:

y(O)=K.x(t)
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We will next use these three fundamental building blocks to implement systems expressed in terms of ODE
and/or integral equations.

Example 3.9: Implement and solve the following system using building blocks.

%y(t) +ay(t) =bx() (3.30)

Since the highest-order derivative is dy/ dx then the order of this system is "1." Let us convert this first-order
ODE into operational form:

Dy(t) +a.y(t) = b.x(t) (3.31)

D *[Dy(t) +ay(t)] = D *bx(t)

y(t) + a.D ty(t) =b.D x(t)

Finally, we have the form ready for implementation using the set of blocks discussed above:
y(t) =- aD ly(t) + b.D 1x(t) (3.32)

X(t)

D! S y(t)

ODE has a total solution composed of a homogeneous solution (natural response) y, (t) and a particular
solution (forced response) y,(t):

y(t) =y, () +y, (1) (3.33)
Homogeneous Equation and its solution:
Dyj, (t) +ay (1) =0 (3.34)
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Assume a solution of the form: y, (t) = C.e ® and a solution of the form for the particular part:

t
yo(t) = 0 *"Vhxt)dt for t3t, (3.35)
to

Now let us substitute these two solutions into (3.33):
t
y(t)=C.e® +b.oe ) x(t )dt (3.36)

to

C can be obtained by evaluating this at IC:

to
Y,=Ce® +h.oe®"xt)dt =Ce® +0 b C=Y,e™
to

and the total solution:

t
y(t) =Y,.e%.e® +[b.gg D) x@t )dt Ju(t - t,) (3.37)
0 0
ty

3.6 Canonical Forms for LTI Continuous Systems

Consider any of the known general ODE representation of an LTI system as formulated in (3.24), (3.26),
(3.27), or (3.28). To have a form to reference let us rewrite (3.28)

y(t) =by (1) + D" M[byX(t) - 8, y(®)] + D" byx(1) - &y (®)] + -+ + D by X(t) - @y Y(t) (3.28)

and implement it using two different canonical (standard) structures, Canonical Direct Form | and I/O-Bus
architecture. It is not difficult to see that there are two paths: feed-forward branches and feedback loops.
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Canonical Direct Form | [/O-Bus Form

Input x(t) Output y(t) Input x(t)
b by -8

N
by
D-1
by.-2

W)
AN

—7
| |
D~ ) b1
| _
Y| LY
- w
Input Bus

ol

Example 3.10: Assume that the following system is at rest at t=0; i.e., all initial values are zero for t=0.
d? d d
— y(t) - 4— y(t) + y(t) =3— x(t) + 2x(t
~7 YO - 4 YO+ Y0 =350 + 2x(0)
D2y(t) = 3Dx(t) + 2x(t) + 4Dy(t) - y(t)
D ?[D?y(t)] = D *[3DX(t) + 2x(t) + 4Dy(t) - Y(t)]

y(t) = D[3x(t) + 4y()] + D" 2[2x(t) - y(1)]
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|/O Bus Model:

Canonical Form I: Input x(t)
Input x(t) o S Olﬂaut y(t) 5 (:)741—
D1 D-1]
D-]
Sy I
|-Bus |
-1
D v
-1 o1
O-Bus
y v(®)

3.7 Difference Equation Model for LTI Systems (Discrete Case)
As in the case of continuous signals and systems, discrete linear time-invariant systems can be expressed in
terms of DE of the form:
N M
aayn- kl=a4bx[n- k] forn30 (3.38)
k=0 k=0
Similar to the previous case, the descriptions of various terms above:

a; =Real coefficients associated with past outputs of the system (N feedback terms).

b, = Real coefficients associated with all inputs to the system (M+ 1 feed-forward terms).
N = Highest-order difference in the output sequence.
M =Highest-order difference in the input sequence.

System Order © max{ N,M}. If the system is causal we must have: M £ N.
Let us define a difference operator:

D*y[n]=n- K]

(3.39)
N M
3a D*yn=a b D*q{n] forn3 0
k=0 k=0

(3.40)
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However, the output is implicitly expressed in (3.40); buried among the feedback terms. It is usually
expressed in the following form:

M N
vl =2 (2 b, D*Xn]- & a D*y{n]) for n3 0 (3.41)
a, k=0 k=1
Canonical Direct Form | I/O-Bus Form
Input x[n] Output y[n] Input x[n
> S S > |~ <
bo -0
by
D-l
D-l D-
[ o N
<
D1 A
bN 2
=
| | | | D—l
) D1
D|1 ‘ < = -
o “a0
D—l
4 b
| S
Input Bus

yin] * Output Bus

It is clear from (3.41) and the canonical implementations, x[n- k] are known at any given time. If we have
done our job correctly then y[n- k] are also known. Then y[0] can be computed from:
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1 ¥ N
V0] =—(& bX-k]- & a.¥-K]) (3.42)
aO k=0 k=1
where y[- K] are the initial conditions (IC). Next, we compute:

1 ¥ N
Y1 = (& bX1- k]- & a,y[2- K]) (3.43)
a.o k=0 k=1
Similarly, we can compute all future outputs. Note that we need to do that an iterative (recursive) fashion; i.e.,

it is not possible to
Example 3.11: Given y[-1=1 and V[-2] =0 compute RECURSIVELY a few terms of the following 2
order DE:

S I N
Y[n]—ZY[n 1] 8Y[n 2]+(2)

3y e b =Be0i1=7
Y[O]—ZY[ 1 8y[ 2]+(2) 4+0+1 y

3y Ly by
Y[1]—ZY[0] 8Y[ 1]+(2) 1

3y Ly by = 88
.Y[Z]—ZY[l] 83/[0]““(2) o

3.7 Homogeneous and Particular Solutions for Discrete LTI Systems

Generic DE problems cannot be solved recursively unless they happen to have a compact closed form. As in
the case o ODE, we attempt to solve them by finding (a) a homogeneous solution and (b) the particular
solution.

3.7.1 Homogeneous Solution: Itis given by solving:

5a.yn- k=0 (3.44)
k=0
y,[n] = Aa"
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Substitute into the DE (3.44)

N
3 a,Aa"* =0 Since At 0, the solution must satisfy:
k=0

N

gaa = (3.45)

k=0
Values satisfying (3.45) are the characteristic values (eigenvalues) and there are N of them, which may or
may not be distinct. If they are distinct, the corresponding characteristic solutions are independent and they
are obtained as a linear combination of the terms like:

Yaln]= Ajay + Al +--+ Aag (3.46)
If any of the roots are repeated, then we can generate N independent solutions by multiplying corresponding
characteristic solution by the appropriate power of n. For instance, if a, has a multiplicity of B, then we
assume a solution of the form:

yolnl= Aaf + Anall +---+ Aonital + A jan,, +-- + Ayay (3.47)
3.7.2 Particular Solution: Assume that y[n]is a particular solution to a special case:

N

ké a y[n- K] =xn] (3.48)

=0
then the overall particular solution is found by a superposition:

M
Yelnl= & b ¥In- K (3.49)

To find y[n], we assume it is a linear combination of xn] and its delayed versions.
If x[n] is a constant then x[n- K] is also constant. Thus, y[n] is another constant.
If xn] is an exponential function if the form: b", then y[n] is similarly an exponential.
If x[n] is a sinusoid:
x[n] =sn Wyn then x[n- k] =snW,(n- k) =cosW,k.sn Wyn - cosWn.sn Wk
y[n] = AsnW,n + B.cosW,n
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Example 3.12: Given y[n] - —y[n 1]+ y[n 2] = Z.Qn% with IC: y[- 1] =

Part A: Particular solution: Assume a solutlon.

yin] :Asinm+ B.cosm

2 2
yp[n-1]=Asdn (n-ZDp + B. cos( > W _. Acos2 + Bsin 2.
ye[n- 2] =- Acos(n_zl)p +B.gn (n -21)p =- Adn % Bcos%

2 and y[-2]=

Let us substitute these into the DE, which must be satisfied in order for this to be solution:

(A-EB-_A)sn ™ +3A-1B)cos™P =26n P
4 2 48 2 2

Let us equate terms of the same form:

A-3B-1a=2
4 8
3. 1 112 %

B+2A--=0 b A==%< and B=-2
4 8 85

85
Yol :1125innp - 96cosm
85 2 8 2

Part B: Homogeneous solution: Write the characteristic equation:

1- 3at+la2-0 b a1=l and az=1
4 8 4 2

resulting an a homogeneous solution:
1 1
Valnl= AG)" + A (5)"
Part C: Total solution'

n n a P 96 P
yinl = A1() +A2(—) 5 > g 0SS
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If we substitute the given ICs to this last expression we could obtain that:

;) 13
17 A25

and

yin] =- E(E)n +E(1)n L2 . np 96 o np
17 4 52 85 2 85 2

3.8 Impulse Response Computation of Discrete LTI Systems

If we derive the difference equation of (3.38) with a train of impulses, we have
3a,yn- kKl=&bdn-k with: y[-1=y[-2]--=0 (3.50)
k=0 k=0
1. For n>M, the right hand side is zero, thus we get a homogeneous equation.

2. N initial conditions (IC) to solve this equation are: {y[M), y[M - 1],---,y[M - N +1]}.
3. To be meaningful this system must be causal: N3 M and we have to compute only the terms:

o], yii], -, YIM].

4. By successively letting n be 0,1,2,---,M in (3.50) we obtain a set of M +1 equations:

da.yin- kl=, for j=012-,M (3.51)
k=0
This is normally written in a matrix form:

éa, 0 . . OuéylOlu ébyu

é ué u é, u

gy 3 0 . 8uéymu &P

éa, =1 dp - []éy[Z] U_éb, 0

8 e a=é (3.52)
e’ ué ua é u

é - Gé¢ - U e-

@M aM 1 aogSY[M]H SJMH
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After solving this system for initial conditions y[0],y{1],---,Y{M], we obtain the impulse response of the
system as the solution of the homogeneous equation:

Sa,yin- k=0 for n>M (3.53)
k=0

Example 3.13: Consider the system described by the difference equation:
M =+ 2q{n- 0+ 2yfn- 4 - 2yin- 2+=yin- 3

Here N =3, M =1. Order 3 homogeneous equation:

y[n]-%y[n 7+1 y[n 2]-—y[n 3=0 n32

The characteristic equation:

The roots of this third order polynomial is: a, =a, =1/2 a; =1/4 and

1 1 1
Vol =hnl = AC)" + ANC)" + A()", n2 2
Let us assume y[- 1] = 0 then (3.52) for this case becomes:
éao O uéy[OJu_ éxu e 1  OuéylOu_é1u
g, a0eMul &Y & 54 1HBynl &l
with these we have the impulse response of this system:

h[n]=-§(§)” 10 (1)”+ ()“ ns 0

b y[0]=1 y{1] =19/12

3.23



