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Chapter 5: Sums Random Variables 
 
Let Sn = X1 + X2 + … + Xn

 E[Sn ] =  E[X1 ] + E[X2 ] + … + E[Xn] 
 
Ex: 5.1  Find σZ

2 where Z = X + Y E[Z] = E[X] + E[Y] 
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If X and Y are uncorrelated or independent, then COV(X,Y) = 0 and 
 222 σσσ YXZ +=   
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Ex: 5.2   X and Y are i.i.d. r.v. with μ and σ2

  [ ] [ ] [ ] μnXEXESE nn =++= ...1  
   222 σσσ nn

jn XS ==

pdf of Sums of r.v.: 
n = 2     Z = X + Y  and  X & Y are independent.  
Let us use characteristic function approach: 

 [ ] [ ] [ ] [ ]
)()(

)( )(

ww
eEeEeEeEw

YX

jwYjwXYXjwjwZ
Z

Φ⋅Φ=
⋅===Φ −−+−−

 

Since   )()( zfw ZZ ⇔Φ

we can write equivalently:  
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and 
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On the other hand, if {Xi} are all integer-valued r.v., then we can use 
probability generating function approach: 
  [ ]N

N zEzG =)(    and   nXXN ++= ...1  
which leads to: 
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Ex:  5.4 and 5.5  Let Sn = X1 + … + Xn  be sum of i.i.d. with  
  nkww XX k

,...2,1)()( =Φ=Φ  
then 
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pdf of Sn   if Xk are i.i.d. exponential r.v. 
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Sample Mean, Mn
Let X1, … , Xn  be n independent outcomes from experiments with an 
unknown mean, μ .  Since they are from the same population  Xi is i.i.d. with 
the same pdf: 
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Chebyshev’s Inequality for Mn (Sample Mean): 
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Ex:  5.9 Given noisy voltage measurement with:  
)1,0(: VNNwithNvX jjj μ+=  

How many measurements are needed (n = ?) for Mn to be within  ε = 1 μV  
of true mean is at least .99? 
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Weak-Law of Large Numbers: 
Let X1, X2, …   be a sequence of iid R.V. with E[Xi] = μ , then for ε > 0 
 [ ] 1lim =<−

∞→
εμn

n
MP  >>>(seeFig 5.1 p 278 for interpretation) 

 
Strong-Law of Large Numbers: 
Let X1, X2, …   be a sequence of iid R.V. with E[Xi] = μ  and finite variance, 
then  
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⎤

⎢⎣
⎡ =

∞→
μn

n
MP

 
Ex:  5.10  Bernoulli trials with unknown  μ = p and σ2 = p(1-p) 
How large n should be to have 0.95 probability that fA(n) is within 1% of p = 
P[A]? 
 
If   X = IA indicator function, then:  

E[X] = E[IA] = μ = p  
and 
  )1(2 pp

AI −=σ
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Note: Chebyshev inequality results in loose bounds. 
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Central Limit Theorem: 
Let X1, X2, …   be a sequence of iid RV. With μ and σ2 and 
 Sn = X1 + X2 + … + Xn

Let us define a new r.v.: 
n
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⇒ Sum of iid R.V. with any distribution in the limit approaches to that 
of Gaussian statistics! 
 
Ex:  5.11  Orders: iid with μ = $8 σ = $2  
a.) Estimate probability that first 100 customers will spend ≥ $840. 

S100 = X1 + X2 + … + X100   
E[S100] = nμ = 800 
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From Figure 5.5 in Page 284 and Table 3.3 we have 
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b.) Prob. that 100 customers will spend $780 ≤ S100 ≤ $820? 
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Ex: 5.12   After how many orders 90% sure that total expenditure > $1000? 
Find n for which  [ ] 90.01000$ =>nSP    
 
Recall  E[Sn] = 8n  σS

2 = 4n 
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Note:   Q(-X) = 1-Q(X)  ⇒  0.90   
⇒  Q(-X) = 0.1  ⇒  X = -1.2815 
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Gaussian Approximation to Binomial Probability: 
From Central Limit Theorem for n large: 
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where np=μ  and   of binomial distribution. )1(2 pnp −=σ
 
Ex: 5.14 In Ex: 5.10  Using Strong Law of Large Numbers we have 
obtained:  

⇒ n ≥ 50,000 
Let fA(n) be relative frequency of A in n-Bernoulli trials and let us use the  
Gaussian approximation to Binomial distribution: 
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from Table 3.3 
  ⇒  95.12 ≈nε   ⇒  n ≥ 9506; Much smaller than the result in Ex:  5.10 
 

(Skip Sections 5.4, 5.5 & 5.6) 
 
Finding Distributions Using DFT(FFT) 
Let X be an integer-valued discrete R.V. in the range: {0, 1, …, N-1}: 
then 
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Inverse DFT would yield: 

 ∑= −ec
N

p N
mkj

mk
π21  for k=0,1,…,N-1 
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Sum of iid integers: Z = X1 + X2 + … + Xn

If Xi : {0, 1, …, N-1}  then Z :{0, …, n(N-1)} 
 
Obtain pmf of Z from DFT evaluated at L = n(N-1) + 1 points 
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Ex:  5.33     Let Z = X1 + X2     with  ew jw
X 3

2
3
1)( +=Φ    

Find:   P[Z=1] via DFT.  Since X:  {0,1}, then Z:  {0,1,2} 
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Let SX = {0, 1, 2, … }  be an open-ended sequence and    is known. 
We want to obtain pmf values 
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From inverse DFT we get 110 ,...,, −′′′ Nppp    which are equal to the desired 
plus an error term .   kp ke

  and epp +=′ 00 ...32 +++= +++ kNkNkNk pppe  
If N is large   can be made very small. ke
 
Ex:  5.35 X:  geometric R.V. Find N such that percent error is 1%.   
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    .5   7 
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Continuous R.V.: 
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See Ex: 5.36 for N = 512  p. 315 
 
#5.1 U = X + Y + Z X,Y,Z zero-mean, σ2 = 1 
 COV(X,Y) = 1/4  COV(Y,Z) = -1/4  COV(X,Z) = 0 
a) Find mean & variance 

E[U] = E[X + Y + Z] = E[X] + E[Y] + E[Z] = 0 
 

σU
2 = σX

2 + σY
2 +σZ

2 + 2COV(X,Y) + 2COV(X,Z) + 2COV(Y,Z) 
 = 1 + 1 + 1 +2(1/4) + 2(0) + 2(-1/4) = 3 
b) X,Y,Z are uncorrelated 

E[U] = 0 
σU

2 = σX
2 + σY

2 +σZ
2 + 0 + 0 + 0 = 3 

#5.3 X1, …, Xn  are R.V. with identical μ  and . If ||2 .),( ji
ji YXCov −= ρσ

1|| <ρ  find  and  ][ nSE 2
nSσ

 μ.][ nSE n =  
  
Covariance Matrix is a Toeplitz matrix. 
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